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Abstract
Following the formalism of enveloping algebras and star product
calculus we formulate and analyze a model of gauge gravity on noncom-
mutative spaces and examine the conditions of its equivalence to gen-
eral relativity. The corresponding Seiber–Witten maps are established
which allow the definition of respective dynamics for a finite number of
gravitational gauge field components on noncommutative spaces.
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1 Introduction
In the last years much work has been made in noncommutative extensions of
physical theories. It was not possible to formulate gauge theories on noncom-
mutative spaces [1, 2, 3, 4] with Lie algebra valued infinitesimal transforma-
tions and with Lie algebra valued gauge fields. In order to avoid the problem
the authors of [5] suggested to use enveloping algebras of the Lie algebras for
setting this type of gauge theories and showed that in spite of the fact that
such enveloping algebras are infinite–dimensional one can restrict them in a
way that it would be a dependence on the Lie algebra valued parameters and
the Lie algebra valued gauge fields and their spacetime derivatives only.
A still presented drawback of noncommutative geometry and physics is that
there is not yet formulated a generally accepted approach to interactions of
elementary particles coupled to gravity. There are improved Connes–Lott and
∗e–mail: vacaru@lises.asm.md
Chamsedine–Connes models of nocommutative geometry [6] which yielded ac-
tion functionals typing together the gravitational and Yang–Mills interactions
and gauge bosons the Higgs sector (see also the approaches [7] and, for an
outline of recent results, [8]).
In this paper we follow the method of restricted enveloping algebras [3, 5]
and construct gauge gravitational theories by stating corresponding structures
with semisimple or nonsemisimple Lie algebras and their extensions. We con-
sider power series of generators for the affine and non linear realized de Sitter
gauge groups and compute the coefficient functions of al the higher powers of
the generators of the gauge group which are functions of the coefficients of the
first power. Such constructions are based on the Seiberg–Witten map [2] and
on the formalism of ∗–product formulation of the algebra [9] when for func-
tional objects, being functions of commuting variables, there are associated
some algebraic noncommutative properties encoded in the ∗–product.
The concept of gauge theory on noncommutative spaces was introduced in
a geometric manner [4] by defining the covariant coordinates without speak-
ing about derivatives and this formalism was developed for quantum planes
[10]. In this paper we shall prove the existence for noncommutative spaces of
gauge models of gravity which agrees with usual gauge gravity theories being
equivalent or extending the general relativity theory (see works [11, 12] for
locally isotropic spaces and corresponding reformulations and generalizations
respectively for anholonomic frames [13] and locally anisotropic (super) spaces
[14]) in the limit of commuting spaces.
2 *–Products and Enveloping Algebras
in Noncommutative Spaces
For a noncommutative space the coordinates uˆi, (i = 1, ..., N) satisfy some
noncommutative relations of type
[uˆi, uˆj] =

iθij , θij ∈ IC, canonical structure;
if ijk uˆ
k, f ijk ∈ IC, Lie structure;
iC ijkluˆ
kuˆl, C ijkl ∈ IC, quantum plane structure
(1)
where IC denotes the complex number field.
The noncommutative space is modeled as the associative algebra of IC; this
algebra is freely generated by the coordinates modulo ideal R generated by
the relations (one accepts formal power series) Au = IC[[uˆ
1, ..., uˆN ]]/R. One
restricts attention [5] to algebras having the (so–called, Poincare–Birkhoff–
Witt) property that any element of Au is defined by its coefficient function
and vice versa,
f̂ =
∞∑
L=0
fi1,...,iL : uˆ
i1 . . . uˆiL : when f̂ ∼ {fi} ,
where : uˆi1 . . . uˆiL : denotes that the basis elements satisfy some prescribed
order (for instance, the normal order i1 ≤ i2 ≤ . . . ≤ iL, or, another example,
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are totally symmetric). The algebraic properties are all encoded in the so–
called diamond (⋄) product which is defined by
f̂ ĝ = ĥ ∼ {fi} ⋄ {gi} = {hi} .
In the mentioned approach to every function f(u) = f(u1, . . . , uN) of com-
muting variables u1, . . . , uN one associates an element of algebra f̂ when the
commuting variables are substituted by anticommuting ones,
f(u) =
∑
fi1...iLu
1 · · ·uN → f̂ =
∞∑
L=0
fi1,...,iL : uˆ
i1 . . . uˆiL :
when the ⋄–product leads to a bilinear ∗–product of functions (see details in
[4])
{fi} ⋄ {gi} = {hi} ∼ (f ∗ g) (u) = h (u) .
The ∗–product is defined respectively for the cases (1)
f ∗ g =

exp[ i
2
∂
∂ui
θij ∂
∂u′j
]f(u)g(u′)|u′→u, canonical structure;
exp[ i
2
ukgk(i
∂
∂u′
, i ∂
∂u′′
)]f(u′)g(u′′)|u
′→u
u′′→u, Lie structure;
q
1
2
(−u′ ∂
∂u′
v ∂
∂v
+u ∂
∂u
v′ ∂
∂v′
)f(u, v)g(u′, v′)|u
′→u
v′→v , quantum plane,
where there are considered values of type
eiknû
n
eipnlû
n
= ei{kn+pn+
1
2
gn(k,p)}ûn,
gn (k, p) = −kipjf
ij
n +
1
6
kipj (pk − kk) f
ij
mf
mk
n + ..., (2)
eAeB = eA+B+
1
2
[A,B]+ 1
12
([A,[A,B]]+[B,[B,A]]) + ...
and for the coordinates on quantum (Manin) planes one holds the relation
uv = qvu.
A non–abelian gauge theory on a noncommutative space is given by two
algebraic structures, the algebra Au and a non–abelian Lie algebra AI of the
gauge group with generators I1, ..., IS and the relations
[Is, Ip] = if
sp
t I
t. (3)
In this case both algebras are treated on the same footing and one denotes the
generating elements of the big algebra by ûi,
ẑi = {û1, ..., ûN , I1, ..., IS},
Az = IC[[û
1, ..., ûN+S]]/R,
and the ∗–product formalism is to be applied for the whole algebra Az when
there are considered functions of the commuting variables ui (i, j, k, ... =
1, ..., N) and Is (s, p, ... = 1, ..., S).
For instance, in the case of a canonical structure for the space variables ui
we have
(F ∗G)(u) = e
i
2
(θij ∂
∂u′i
∂
∂u′′j
+tsgs(i ∂∂t′ ,i
∂
∂t′′ ))F (u′, t′)G (u′′, t′′) |u
′→u,u′′→u
t′→t,t′′→t . (4)
This formalism was developed in [5] for general Lie algebras. In this paper we
shall consider those cases when in the commuting limit one obtains the gauge
gravity and general relativity theories.
3
3 Enveloping Algebras for
Gravitational Gauge Connections
To define gauge gravity theories on noncommutative space we first introduce
gauge fields as elements the algebra Au that form representation of the genera-
tor I–algebra for the de Sitter gauge group. For commutative spaces it is known
[11, 12, 14] that an equivalent reexpression of the Einstein theory as a gauge
like theory implies, for both locally isotropic and anisotropic spacetimes, the
nonsemisimplicity of the gauge group, which leads to a nonvariational theory
in the total space of the bundle of locally adapted affine frames (to this class
one belong the gauge Poincare theories; on metric–affine and gauge gravity
models see original results and reviews in [15]). By using auxililiary biliniear
forms, instead of degenerated Killing form for the affine structural group, on
fiber spaces, the gauge models of gravity can be formulated to be variational.
After projection on the base spacetime, for the so–called Cartan connection
form, the Yang–Mills equations transforms equivalently into the Einstein equa-
tions for general relativity [11]. A variational gauge gravitational theory can
be also formulated by using a minimal extension of the affine structural group
Af3+1 (IR) to the de Sitter gauge group S10 = SO (4 + 1) acting on IR
4+1
space.
3.1 Nonlinear gauge theories of de Sitter group
in commutative spaces
Let us consider the de Sitter space Σ4 as a hypersurface given by the equations
ηABu
AuB = −l2 in the four dimensional flat space enabled with diagonal metric
ηAB, ηAA = ±1 (in this section A,B,C, ... = 1, 2, ..., 5), where {u
A} are global
Cartesian coordinates in IR5; l > 0 is the curvature of de Sitter space. The de
Sitter group S(η) = SO(η) (5) is defined as the isometry group of Σ
5–space with
6 generators of Lie algebra so(η) (5) satisfying the commutation relations
[MAB,MCD] = ηACMBD − ηBCMAD − ηADMBC + ηBDMAC . (5)
Decomposing indices A,B, ... as A = (α, 5) , B =
(
β, 5
)
, ..., the metric ηAB
as ηAB =
(
ηαβ, η55
)
, and operators MAB as Mαβ = Fαβ and Pα = l
−1M5α, we
can write (5) as[
Fαβ,Fγδ
]
= ηαγFβδ − ηβγFαδ + ηβδFαγ − ηαδFβγ , (6)[
Pα, Pβ
]
= −l−2Fαβ,
[
Pα,Fβγ
]
= ηαβPγ − ηαγPβ ,
where we have indicated the possibility to decompose the Lie algebra so(η) (5)
into a direct sum, so(η) (5) = so(η)(4)⊕V4, where V4 is the vector space stretched
on vectors Pα. We remark that Σ
4 = S(η)/L(η), where L(η) = SO(η) (4) . For
ηAB = diag (1,−1,−1,−1) and S10 = SO (1, 4) , L6 = SO (1, 3) is the group of
Lorentz rotations.
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In this paper the generators Ia and structure constants f
sp
t from (3) are
parametrized just to obtain de Sitter generators and commutations (6).
The action of the group S(η) can be realized by using 4 × 4 matrices with
a parametrization distinguishing subgroup L(η) :
B = bBL, (7)
where
BL =
(
L 0
0 1
)
,
L ∈ L(η) is the de Sitter bust matrix transforming the vector (0, 0, ..., ρ) ∈ IR
5
into the arbitrary point (V 1, V 2, ..., V 5) ∈ Σ5ρ ⊂ R
5 with curvature ρ, (VAV
A =
−ρ2, V A = tAρ). Matrix b can be expressed as
b =
 δα β + tαtβ(1+t5) tα
tβ t
5
 .
The de Sitter gauge field is associated with a so(η) (5)–valued connection
1–form
Ω˜ =
 ωα β θ˜α
θ˜β 0
 , (8)
where ω
α
β ∈ so(4)(η), θ˜
α ∈ R4, θ˜β ∈ ηβαθ˜
α.
Because S(η)–transforms mix ω
α
β and θ˜
α fields in (8) (the introduced para-
metrization is invariant on action on SO(η) (4) group we cannot identify ω
α
β
and θ˜α, respectively, with the connection Γαβγ and the fundamental form χ
α
in a metric–affine spacetime. To avoid this difficulty we consider [12] a non-
linear gauge realization of the de Sitter group S(η), namely, we introduce into
consideration the nonlinear gauge field
Γ = b−1Ω˜b+ b−1db =
(
Γ
α
β θ
α
θβ 0
)
, (9)
where
Γ
α
β = ω
α
β −
(
tαDtβ − tβDt
α
)
/
(
1 + t5
)
,
θα = t5θ˜α +Dtα − tα
(
dt5 + θ˜γt
γ
)
/
(
1 + t5
)
,
Dtα = dtα + ω
α
βt
β.
The action of the group S (η) is nonlinear, yielding transforms
Γ′ = L′Γ (L′)
−1
+ L′d (L′)
−1
, θ′ = Lθ,
where the nonlinear matrix–valued function L′ = L′ (tα, b, BT ) is defined from
Bb = b
′BL′ (see the parametrization (7)). The de Sitter algebra with generators
(6) and nonlinear gauge transforms of type (9) is denoted A
(dS)
I .
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3.2 Enveloping nonlinear de Sitter
algebra valued connection
Let now consider a noncommutative space. In this case the gauge fields are
elements of the algebra ψ̂ ∈ A
(dS)
I that form the nonlinear representation of
the de Sitter algebra so(η) (5) when the whole algebra is denoted A
(dS)
z Under
a nonlinear de Sitter transformation the elements transform as follows
δψ̂ = iγ̂ψ̂, ψ̂ ∈ Au, γ̂ ∈ A
(dS)
z ,
So, the action of the generators (6) on ψ̂ is defined as this element is supposed to
form a nonlinear representation of A
(dS)
I and, in consequence, δψ̂ ∈ Au despite
γ̂ ∈ A(dS)z . It should be emphasized that independent of a representation the
object γ̂ takes values in enveloping de Sitter algebra and not in a Lie algebra
as would be for commuting spaces. The same holds for the connections that
we introduce (similarly to [4]) in order to define covariant coordinates
Ûν = ûv + Γ̂ν , Γ̂ν ∈ A(dS)z .
The values Ûνψ̂ transforms covariantly, δÛνψ̂ = iγ̂Ûνψ̂, if and only if
the connection Γ̂ν satisfies the transformation law of the enveloping nonlinear
realized de Sitter algerba,
δΓ̂νψ̂ = −i[ûv, γ̂] + i[γ̂, Γ̂ν ],
where δΓ̂ν ∈ A(dS)z . The enveloping algebra–valued connection has infinitely
many component fields. Nevertheless, it was shown that all the component
fields can be induced from a Lie algebra–valued connection by a Seiberg–
Witten map ([2, 3, 5] and [16] for SO(n) and Sp(n)). In this subsection we
show that similar constructions could be proposed for nonlinear realizations of
de Sitter algebra when the transformation of the connection is considered
δΓ̂ν = −i[uν ,∗ γ̂] + i[γ̂,∗ Γ̂ν ].
For simplicity, we treat in more detail the canonical case with the star product
(4). The first term in the variation δΓ̂ν gives
−i[uν ,∗ γ̂] = θνµ
∂
∂uµ
γ.
Assuming that the variation of Γ̂ν = θνµQµ starts with a linear term in θ we
have
δΓ̂ν = θνµδQµ, δQµ =
∂
∂uµ
γ + i[γ̂,∗ Qµ].
We follow the method of calculation from the papers [4, 5] and expand the
star product (4) in θ but not in ga and find to first order in θ,
γ = γ1aI
a + γ1abI
aIb + ..., (10)
Qµ = q
1
µ,aI
a + q2µ,abI
aIb + ...
6
where γ1a and q
1
µ,a are of order zero in θ and γ
1
ab and q
2
µ,ab are of second order in
θ. The expansion in Ib leads to an expansion in ga of the ∗–product because
the higher order Ib–derivatives vanish. For de Sitter case as Ib we take the
generators (6), see commutators (3), with the corresponding de Sitter structure
constants f
bc
d ≃ f
αβ
β (in our further identifications with spacetime objects like
frames and connections we shall use Greeck indices).
The result of calculation of variations of (10), by using ga to the order given
in (2), is
δq1µ,a =
∂γ1a
∂uµ
− f bcaγ
1
b q
1
µ,c,
δQτ = θ
µν∂µγ
1
a∂νq
1
τ,bI
aIb + ...,
δq2µ,ab = ∂µγ
2
ab − θ
ντ∂νγ
1
a∂τq
1
µ,b − 2f
bc
a{γ
1
b q
2
µ,cd + γ
2
bdq
1
µ,c}.
Next we introduce the objects ε, taking the values in de Sitter Lie algebra
and Wµ, being enveloping de Sitter algebra valued,
ε = γ1aI
a and Wµ = q
2
µ,abI
aIb
with the variation δWµ satisfying the equation [4, 5]
δWµ = ∂µ(γ
2
abI
aIb)−
1
2
θτλ{∂τε, ∂λqµ}+ i[ε,Wµ] + i[(γ
2
abI
aIb), qν ]. (11)
The equation (11) has the solution (found in ([4, 2]))
γ2ab =
1
2
θνµ(∂νγ
1
a)q
1
µ,b,
q2µ,ab = −
1
2
θντq1ν,a
(
∂τq
1
µ,b +R
1
τµ,b
)
where
R1τµ,b = ∂τq
1
µ,b − ∂µq
1
τ,b + f
ec
dq
1
τ,eq
1
µ,e
could be identified with the coefficients R
α
βµν of de Sitter nonlinear gauge
gravity curvature (see formula (2a) from the Appendix) if in the commutative
limit q1µ,b ≃
(
Γ
α
β l
−1
0 χ
α
l−10 χβ 0
)
(see (1a)).
The below presented procedure can be generalized to all the higher powers
of θ [5].
4 Noncommutative Gauge Gravity Covariant
Dynamics
4.1 First order corrections to gravitational curvature
The constructions from the previous section are summarized by the conclusion
that the de Sitter algebra valued object ε = γ1a (u) I
a determines all the terms
7
in the enveloping algebra
γ = γ1aI
a +
1
4
θνµ∂νγ
1
a q
1
µ,b
(
IaIb + IbIa
)
+ ...
and the gauge transformations are defined by γ1a (u) and q
1
µ,b(u), when
δγ1ψ = iγ
(
γ1, q1µ
)
∗ ψ.
For de Sitter enveloping algebras one holds the general formula for composi-
tions of two transformations
δγδς − δςδγ = δi(ς∗γ−γ∗ς)
which holds also for the restricted transformations defined by γ1,
δγ1δς1 − δς1δγ1 = δi(ς1∗γ1−γ1∗ς1).
Applying the formula (4) we computer
[γ,∗ ζ ] = iγ1aζ
1
b f
ab
c I
c +
i
2
θνµ{∂v
(
γ1aζ
1
b f
ab
c
)
qµ,c
+
(
γ1a∂vζ
1
b − ζ
1
a∂vγ
1
b
)
qµ,bf
ab
c + 2∂vγ
1
a∂µζ
1
b }I
dIc.
Such commutators could be used for definition of tensors [4]
Ŝµν = [Ûµ, Ûν ]− iθ̂µν , (12)
where θ̂µν is respectively stated for the canonical, Lie and quantum plane
structures. Under the general enveloping algebra one holds the transform
δŜµν = i[γ̂, Ŝµν ].
For instance, the canonical case is characterized by
Sµν = iθµτ∂τΓ
ν − iθντ∂τΓ
µ + Γµ ∗ Γν − Γν ∗ Γµ
= θµτθνλ{∂τQλ − ∂λQτ +Qτ ∗Qλ −Qλ ∗Qτ}.
By introducing the gravitational gauge strength (curvature)
Rτλ = ∂τQλ − ∂λQτ +Qτ ∗Qλ −Qλ ∗Qτ , (13)
which could be treated as a noncommutative extension of de Sitter nonlinear
gauge gravitational curvature (2a), one computers
Rτλ,a = R
1
τλ,a + θ
µν{R1τµ,aR
1
λν,b −
1
2
q1µ,a
[
(DνR
1
τλ,b) + ∂νR
1
τλ,b
]
}Ib,
where the gauge gravitation covariant derivative is introduced,
(DνR
1
τλ,b) = ∂νR
1
τλ,b + qν,cR
1
τλ,df
cd
b .
Following the gauge transformation laws for γ and q1 we find
δγ1R
1
τλ = i
[
γ,∗R1τλ
]
with the restricted form of γ.
Such formulas were proved in references [5, 2] for usual gauge (nongravita-
tional) fields. Here we reconsidered them for gravitational gauge fields.
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4.2 Gauge covariant gravitational dynamics
Following the nonlinear realization of de Sitter algebra and the ∗–formalism we
can formulate a dynamics of noncommutative spaces. Derivatives can be intro-
duced in such a way that one does not obtain new relations for the coordinates.
In this case a Leibniz rule can be defined [5] that
∂̂µû
ν = δνµ + d
ντ
µσ û
σ ∂̂τ
where the coefficients dντµσ = δ
ν
σδ
τ
µ are chosen to have not new relations when ∂̂µ
acts again to the right hand side. In consequence one holds the ∗–derivative
formulas
∂τ ∗ f =
∂
∂uτ
f + f ∗ ∂τ ,
[∂l,
∗ (f ∗ g)] = ([∂l,
∗ f ]) ∗ g + f ∗ ([∂l,
∗ g])
and the Stokes theorem∫
[∂l, f ] =
∫
dNu[∂l,
∗ f ] =
∫
dNu
∂
∂ul
f = 0,
where, for the canonical structure, the integral is defined,∫
f̂ =
∫
dNuf
(
u1, ..., uN
)
.
An action can be introduced by using such integrals. For instance, for a
tensor of type (12), when
δL̂ = i
[
γ̂, L̂
]
,
we can define a gauge invariant action
W =
∫
dNu TrL̂, δW = 0,
were the trace has to be taken for the group generator.
For the nonlinear de Sitter gauge gravity a proper action is
L =
1
4
RτλR
τλ,
where Rτλ is defined by (13) (in the commutative limit we shall obtain the
connection (1a)). In this case the dynamic of noncommutative space is entirely
formulated in the framework of quantum field theory of gauge fields. The
method works for matter fields as well to restrictions to the general relativity
theory (see references [12, 11] and the Appendix).
Appendix: De Sitter Nonlinear Gauge Gravity
and General Relativity
Let us consider the de Sitter nonlinear gauge gravitational connection (9)
rewritten in the form
Γ =
(
Γ
α
β l
−1
0 χ
α
l−10 χβ 0
)
(1a)
9
where
Γ
α
β = Γ
α
βµδu
µ,
Γ
α
βµ = χ
α
αχ
β
βΓ
α
βγ + χ
α
αδµχ
α
β ,
χα = χα µδu
µ,
and
Gαβ = χ
α
αχ
β
βηαβ ,
ηαβ = (1,−1, ...,−1) and l0 is a dimensional constant.
The curvature of (1a),
R(Γ) = dΓ + Γ
∧
Γ,
can be written
R(Γ) =
(
R
α
β + l
−1
0 pi
α
β l
−1
0 T
α
l−10 T
β 0
)
, (2a)
where
pi
α
β = χ
α
∧
χβ,R
α
β =
1
2
R
α
βµνδu
µ
∧
δuν ,
and
R
α
βµν = χ
β
β χ
α
α R
α
βµν .
with Rα βµν being the metric–affine (for Einstein–Cartan–Weyl spaces), or
(pseudo) Riemannian curvature. The de Sitter gauge group is semisimple and
we are able to construct a variational gauge gravitational theory with the
Lagrangian
L = L(G) + L(m)
where the gauge gravitational Lagrangian is defined
L(G) =
1
4pi
Tr
(
R(Γ)
∧
∗GR
(Γ)
)
= L(G) |G|
1/2 δ4u,
with
L(G) =
1
2l2
T α µνT
µν
α +
1
8λ
R
α
βµνR
β µν
α −
1
l2
(←−
R (Γ)− 2λ1
)
, (3a)
δ4u being the volume element, T α µν = χ
α
αT
α
µν (the gravitational constant
l2 in (3a) satisfies the relations l2 = 2l20λ, λ1 = −3/l0), T r denotes the trace
on α, β indices, and the matter field Lagrangian is defined
L(m) = −1
1
2
Tr
(
Γ
∧
∗GI
)
= L(m) |G|
1/2 δnu,
where
L(m) =
1
2
Γ
α
βµS
β µ
α − tµ αl
α
µ. (4a)
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The matter field source J is obtained as a variational derivation of L(m) on Γ
and is parametrized as
J =
(
S
α
β −l0t
α
−l0tβ 0
)
(5a)
with tα = tα µδu
µ and S
α
β = S
α
βµδu
µ being respectively the canonical
tensors of energy–momentum and spin density.
Varying the action
S =
∫
δ4u
(
L(G) + L(m)
)
on the Γ–variables (1a), we obtain the gauge–gravitational field equations:
d
(
∗R(Γ)
)
+ Γ
∧(
∗R(Γ)
)
−
(
∗R(Γ)
)∧
Γ = −λ (∗J ) , (6a)
were the Hodge operator ∗ is used.
Specifying the variations on Γ
α
β and χ–variables, we rewrite (6a)
D̂
(
∗R(Γ)
)
+
2λ
l2
(
D̂ (∗pi) + χ
∧(
∗T T
)
− (∗T )
∧
χT
)
= −λ (∗S) ,
D̂ (∗T )−
(
∗R(Γ)
)∧
χ−
2λ
l2
(∗pi)
∧
χ =
l2
2
(
∗t+
1
λ
∗ τ
)
,
where
T t = {Tα = ηαβT
β, T β =
1
2
T
β
µνδuµ
∧
δuν},
χT = {χα = ηαβχ
β , χβ = χβ̂ µδu
µ}, D̂ = d+ Γ̂,
(Γ̂ acts as Γ
α
βµ on indices γ, δ, ... and as Γ
α
βµ on indices γ, δ, ...). The value
τ defines the energy–momentum tensor of the gauge gravitational field Γ̂ :
τµν
(
Γ̂
)
=
1
2
Tr
(
RµαR
α
ν −
1
4
RαβR
αβGµν
)
.
Equations (6a) (or equivalently (7a)) make up the complete system of vari-
ational field equations for nonlinear de Sitter gauge gravity.
We note that we can obtain a nonvariational Poincare gauge gravitational
theory if we consider the contraction of the gauge potential (1a) to a potential
with values in the Poincare Lie algebra
Γ =
 Γα̂ β̂ l−10 χα̂
l−10 χβ̂ 0
→ Γ =
 Γα̂ β̂ l−10 χα̂
0 0
 . (7a)
A similar gauge potential was considered in the formalism of linear and affine
frame bundles on curved spacetimes by Popov and Dikhin [11]. They treated
(7a) as the Cartan connection form for affine gauge like gravity and by us-
ing ’pure’ geometric methods proved that the Yang–Mills equations of their
11
theory are equivalent, after projection on the base, to the Einstein equations.
The main conclusion for a such approach to Einstein gravity is that this the-
ory admits an equivalent formulation as gauge model but with nonsemisimple
structural gauge groups. In order to have a variational theory on the total
bundle space it is necessary to introduce an auxiliary bilinear form on the typ-
ical fiber, instead of degenerated Killing form; the coefficients of auxiliary form
disappear after pojection on the base. An alternative variant is to consider a
gauge gravitational theory when the gauge group was minimally extended to
the de Sitter one with nondegenerated Killing form. The nonlinear realizations
have to be introduced if we wont to consider in a common fashion both the
frame (tetradic) and connection components included as the coefficients of the
potential (1a).
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